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We show that perturbative unitarity for W+LW
−
L → W+LW−L scattering places strong constraints
on the Randall-Sundrum theory with two 3-branes, with matter confined to the TeV brane. The
exchange of massive 4D Kaluza-Klein gravitons leads to amplitudes growing linearly with the CM
energy squared. If the ratio m0/mPl of the curvature of the metric to the 4D Planck mass is too
small, the gravitational contributions lead to a violation of unitarity for energies below the TeV 4D
cutoff, Λφ. The lower bound obtained by demanding unitarity up to
√
s ∼ Λφ can easily conflict
with the m0/mPl <∼ 0.1 upper bound required for model consistency. Observation of the mass and
width (or cross section) of one or more KK gravitons at the LHC will directly determine m0/mPl
and Λφ and perturbative unitarity will then imply an upper energy limit for which the RS model is
valid. This limit could be smaller than the value of Λφ determined from the mass and width / cross
section measurement.
I. INTRODUCTION
The Standard Model (SM) of electroweak interactions is confirmed by all existing experimental data, however the
model suffers from certain theoretical drawbacks. One of these is the hierarchy problem: namely, the SM can not
consistently accommodate the weak energy scale O(1 TeV) and a much higher scale such as the Planck mass scale
O(1019 GeV). Therefore, it is commonly believed that the SM is only an effective theory emerging as the low-energy
limit of some more fundamental high-scale theory that presumably could contain gravitational interactions.
Models that involve extra spatial dimensions could provide a solution to the hierarchy problem. One attractive
proposal was formulated by Randall and Sundrum (RS) [1]. They postulate a 5D universe with two 4D surfaces
(“3-branes”). All the SM particles and forces with the exception of gravity are assumed to be confined to one of those
3-branes called the visible or TeV brane. Gravity lives on the visible brane, on the second brane (the “hidden brane”)
and in the bulk. All mass scales in the 5D theory are of order of the Planck mass. By placing the SM fields on the
visible brane, all the order Planck mass terms are rescaled by an exponential suppression factor (the “warp factor”)
Ω0 ≡ e−m0b0/2, which reduces them down to the weak scale O(1 TeV) on the visible brane without any severe fine
tuning. To achieve the necessary suppression, one needs m0b0/2 ∼ 35. This is a great improvement compared to the
original problem of accommodating both the weak and the Planck scale within a single theory.
However, the RS model is trustworthy in its own right only if the 5D curvature m0 is small compared to the 5D
Planck mass, MPl 5 [1]. The reason is that for higher m0 one can’t trust the RS solution of the Einstein’s equations
since then m0, a parameter of the solution, is greater than the scale up to which classical gravity can be trusted. The




Pl 5/m0 imply that m0/mPl = (m0/MPl 5)
3/2
should be significantly smaller than 1. Roughly, it is believed that m0/mPl <∼ 0.1 is required for internal consistency
of the RS 5D model. String theory estimates are typically smaller, typically of order m0/mPl ∼ 0.01 [2]. At the same
time, the effective 4D RS theory should be well behaved up to energies of order a well-defined cutoff, Λφ, given by
Λφ =
√
6Ω0mPl. To solve the hierarchy problem Λφ should be of order 1− 10 TeV, or perhaps higher [1]. Physically,
Λφ is the energy scale at which the theory starts to become strongly coupled and string/M -theoretic excitations appear
from a 4D observer’s point of view [1]. Above Λφ, the RS effective theory starts to break down and additional new
physics must emerge. In this paper, we will show that the RS model is well-behaved (in the sense thatWW scattering
amplitudes are unitary) for energies all the way up to Λφ only if m0/mPl is larger than an Λφ-dependent lower bound
that could easily exceed the above upper bound estimated from consistency and/or string modeling. Observation of
even one KK graviton and its width or hadron-collider cross section will determine both Λφ and m0/mPl. We give
examples in which these two values could imply a breakdown of perturbative unitarity in the RS model for energies
below, even well-below, Λφ. In other words, the RS model would not be consistent as an effective theory all the way
up to the scale ∼ Λφ for which it was expected to be physically acceptable.












√−ghid(Lhid − Vhid) +
∫
d4x
√−gvis(Lvis − Vvis) , (1)
where the notation is self-explanatory , see also [3] for details. In order to obtain a consistent solution to the
Einstein’s equations corresponding to a low-energy effective theory that is flat, the branes must have equal but
opposite cosmological constants and these must be precisely related to the bulk cosmological constant; Vhid = −Vvis =







After an expansion around the background metric we obtain the gravity-matter interactions








where hnµν(x) are the Kaluza-Klein (KK) modes (with mass mn) of the graviton field hµν(x, y), φ0(x) ≡√
6mPle
−m0(b0+b(x))/2 is the radion field (the quantum degree of freedom associated with fluctuations of the dis-
tance between the branes), Λ̂W ≃
√
2mPlΩ0, where Ω0 = e
−m0b0/2, and Λφ =
√
3 Λ̂W . Note from Eq. (3) that the
radion couples to matter with coupling strength 1/Λφ. In addition to the radion, the model contains a conventional
Higgs boson, h0. The RS model solves the hierarchy problem by virtue of the fact that the 4D electro-weak scale is
given in terms of the O(mPl) 5D Higgs vev, v̂, by:
v0 = Ω0v̂ = e
−m0b0/2v̂ ∼ 1 TeV for m0b0/2 ∼ 35 . (4)
It is expected that the RS model should be valid as an effective theory up to energy scales of order Λφ or, at the
very least, Λ̂W . We define Λ to be the largest
√
s for which we would expect WLWL → WLWL scattering to be
unitarity when computed using the RS model effective theory. As noted above, well-motivated choices for this upper
cutoff are Λ = Λφ and Λ = Λ̂W . We will show that for even moderately small values of m0/mPl, unitarity is not
preserved all the way up to
√
s = Λ for the choice of Λ = Λφ. Somewhat lower values of m0/mPl are allowed for the
choice Λ = Λ̂W .
In this paper, we will not consider the possible extension of the RS model obtained by including mixing between
gravitational and electroweak degrees of freedom [3, 4]. These can imply even stronger constraints on m0/mPl than
discussed here (see [5]). In the absence of such mixing, the φ0 and h0 are mass eigenstates, which we denote as φ and
h. An important parameter is the quantity
R2 ≡ ĝ2V V h + ĝ2V V φ = ĝ2ffh + ĝ2ffφ = 1 + γ2 , (5)
where the ĝ ’s are defined [3] relative to SM Higgs coupling strength (e.g. ĝWWh = gWWh/(gmW )) and γ ≡ v0/Λφ is
≪ 1 for typical Λφ choices (with v0 = 246 GeV).
The h, φ and the KK gravitons must all be considered in computing the high energy behavior of a process such as
WLWL → WLWL scattering. As usual, there is a cancellation between scalar (h and φ) exchanges and gauge boson
exchanges that leads to an amplitude AWLWL→WLWL that obeys unitarity constraints (in particular, |Rea0| ≤ 1/2
for the J = 0 partial wave) so long as mh <∼ 870 GeV. However, each KK resonance will give a contribution toAWLWL→WLWL that grows with energy, and, since there are many KK resonances, they do not decouple as their
masses increase. Thus, unitarity can easily be violated for very modest energies. Unitarity in the context of the RS
model has also been discussed in [6] and [7].
The paper is organized as follows. Sec. II presents leading analytical results for the partial wave amplitudes in the
context of the RS model as well as detailed numerical analysis. A summary and some concluding remarks are given
in Sec. III.
II. VECTOR BOSON SCATTERING
Let us begin by reviewing the limit on the Higgs-boson mass in the SM from requiring that W+LW
−
L → W+LW−L
scattering be unitary at high energy. The constraint arises when we consider the elastic scattering of longitudinally
3polarized W bosons. The amplitude can be decomposed into partial wave contributions: T (s, cos θ) = 16pi
∑
J (2J +




−1 T (s, cos θ)PJ (cos θ)d cos θ . In the SM, the partial wave amplitudes take












+CJ , where s is the center-of-mass energy squared. Contributions
that are divergent in the limit s → ∞ appear only for J = 0, 1 and 2. The A-terms vanish by virtue of gauge
invariance, while, as is very well known, the B-term for J = 1 and 0 (B2 = 0) arising from gauge interaction diagrams
is canceled by Higgs-boson exchange diagrams. In the high-energy limit, the result is that aJ asymptotes to an
mH -dependent constant. Imposing the unitarity limit of |Re aJ | < 1/2 implies the Lee-Quigg-Thacker bound [8] for






γ, Z s-channel − s2
g2v4
4 cos θ − s
v2
cos θ
γ, Z t-channel − s2
g2v4




(1− 5 cos θ)
WWWW contact − s2
g2v4
(3− 6 cos θ − cos2 θ) − s
v2
2(−1 + 3 cos θ)
G s-channel 0 − s
24bΛ2
W
(−1 + 3 cos2 θ)
G t-channel 0 − s
24bΛ2
W
13+10 cos θ+cos2 θ
−1+cos θ
(h− φ) s-channel 0 − s
v2
R2





TABLE I: The leading contributions to the W+LW
−
L →W+LW−L amplitude, where R2 is defined in the text. G denotes a single
KK graviton.
We will now show that within the RS model and its extensions the unitarity requirement yields important constraints
on model parameters when gravitational contributions to W+LW
−
L → W+LW−L scattering are included. The various
contributions to the amplitude are given in Table I. From the table, we see that in the SM, obtained by setting
R2 = 1, the gauge boson contributions and Higgs exchange contributions cancel at O(s2) and O(s1). Regarding G
exchange contributions, we note that the apparent singularity in the cos θ integral of the leading O(s) t-channel G
exchange is regularized by the graviton mass and width (neglected in the table).
It is worth noting that even though the graviton exchange amplitude has the same amplitude growth ∝ s as the SM
vector boson and contact interactions, its angular dependence is different (J = 2 vs. J = 1); therefore, the graviton
cannot act in place of the Higgs boson to restore correct high-energy unitary behavior for a0 and a1.
As is well known, the cancellation of the O(s2) contributions in table I between the contact term and s- and t-
channel gauge-boson exchange diagrams is guaranteed by gauge invariance. Even more remarkable is the cancellation
of the most divergent graviton exchange terms. Indeed, a naive power counting shows that the graviton exchange
can yield terms at O(s5), while the actual calculation shows that only the linear term ∝ s survives; all the terms
with faster growth of O(s5, s4, s3, s2) cancel. The mechanism behind the cancellation is as follows. In the high-energy
region the massive graviton propagator grows with energy as kµkνkαkβk
−2, where k is the momentum carried by the
graviton, which will be of order s. The graviton couples to the energy-momentum tensor Tµν , so the amplitude for a
single graviton exchange is of the form TµνD
µν,αβTαβ . Since the energy-momentum tensor is conserved, k
µTµν = 0,
so all the contributions from the numerator of the graviton propagator which are proportional to the momentum
don’t contribute. (Note that for this argument to apply, all the external particles must be on their mass shell.) This
removes two potential powers of s in the amplitude. In order to understand the disappearance of two additional
powers of s, let us calculate the energy-momentum tensor for the final state consisting of a pair of longitudinal W
bosons. A direct calculation reveals the following form of the 4× 4 tensor:
〈0|T µν |WLWL〉 =

0 0 0 0
0 16 [(1− 2βW )d00,0 + 2(βW − 2)d20,0]s 0 − 1√6 (s+ 4m2W )d21,0







6 [(1 − 2βW )d00,0 + 2(βW − 2)d20,0]s ,
 (6)
in the reference frame in which the off-shell graviton is at rest. The scattering angle is measured relative to the
direction of motion of the W−, dJµµ′ (cos θ) = d
J
µµ′ stands for the Wigner d function and βW ≡ 1 − 4m2W /s. Note
that the factor 1/m2W , which comes from the vector boson polarization vectors, has been canceled by two powers of
4mW coming from on-shellness of the longitudinal vector bosons, i.e. m
2
W replaces an s that originates from T
µν . 1
In short, when the two vertices are contracted with the propagator of the virtual graviton, four potential powers of s
disappear leading to a single power of s. 2 These arguments apply equally to s- and t-channel diagrams.
For the divergent (∝ s) and constant terms we obtain the following contributions from a single KK graviton, the
SM vector bosons and the φ− h exchanges (for the J = 2, 1 and 0 partial waves):
a2 = − 1
960piΛ̂2W
{[
















a1 = − 1
1152piΛ̂2W
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(1−R2)−R2g2 + 12 cos






a0 = − 1
384piΛ̂2W
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φ is equal to m
2
h + γ
2m2φ in the absence of Higgs-radion mixing. Of course, one
should sum over all relevant KK gravitons. We include all KK states with mn ≤ Λ, Λ being a particular choice for
the largest energy or mass scale for which the RS model should be employed as an effective theory; the full sum over
all modes with mn ≤ Λ is included even when considering
√
s < Λ .
In our numerical results, we employ exact expressions for the h, φ and all KK contributions to a0,1,2. Nonetheless,
some analytic understanding is useful. We focus on a0. Eq. (9) shows that the Higgs plus gauge boson contributions
in the SM limit (obtained by taking R2 = 1 and m2scal = m
2
h) combine to give a negative constant value at large s. If











where [3, 6] f(s) = sv2 (1 − R2) = − sΛ2
φ
in the absence of Higgs-radion mixing. The negative signs for f(s) and in
front of m2scal imply some amplification of unitarity-violation in the ∼ TeV energy range that is present in the SM
for large mh values. However, given the 1/(32pi) factor and the fact that we typically consider s values of order Λ
2
φ
and below, this residual unitarity-violating behavior is never a dominant effect when the Higgs-radion mixing [5] is
neglected. Ultimately, at higher
√
s values near Λ it is usually the purely KK graviton exchanges that dominate. The
effect of the KK gravitons is much more dramatic. From the asymptotic formula for a0, each KK graviton with mass
below
√
s enters Re a0 with a positive sign. The sum of all these contributions is very substantial if m0/mPl is small.
To illustrate the above points, we present in Fig. 1 plots of Re a0 as a function of
√
s, keeping Λ = Λφ = 5 TeV,
but for two different mh values and with and without radion and/or KK gravitons included. In the case where we
include only the SM contributions for mh = 870 GeV, the figure shows that Re a0 asymptotes to a negative value
very close to −0.5, implying that mh = 870 GeV is very near the largest value of mh for which unitarity is satisfied in
WLWL → WLWL scattering in the SM context. If we add in just the radion contributions (for mφ = 500 GeV – the
φ resonance is very narrow and is not shown), then a sharp-eyed reader will see (red dashes) that Re a0 is a bit more
1 For transverse W ’s, the energy-momentum tensor would also behave as s; however, in this case, this is in accordance with naive
power counting. Note that for transverse vector bosons the polarization vector does not provide any additional power of momentum.
Consequently, for graviton exchange, in contrast to gauge theories, amplitudes grow as s both for longitudinal and transverse polarization
of the vector bosons involved. For an illustration of a calculation for transverse vector boson polarizations, see [9].
2 For fermions in either initial or final state the amplitude behaves as s1/2.
5FIG. 1: We plot Re a0 as a function of
√
s for five cases: 1) solid (black) mh = 870 GeV, SM contributions only (γ = 0); 2)
short dashes (red) mh = 870 GeV, with an unmixed radion of mass mφ = 500 GeV included, but no KK gravitons (we do not
show the very narrow φ resonance); 3) dots (blue) as in 2), but including the sum over KK gravitons; 4) long dashes (green)
mh = 1000 GeV, with an unmixed radion of mass mφ = 500 GeV, but no KK gravitons); 5) as in 4), but including the sum
over KK gravitons.
negative at the highest
√
s plotted, implying earlier violation of unitarity. However, if we now include the full set
of KK gravitons taking m0/mPl = 0.01 (dotted blue curve), which enter with an increasingly positive contribution,
one is far from violating unitarity at negative Re a0 for
√
s values above mh = 870 GeV; instead, the positive KK
graviton contributions, which cured the unitarity problem at negative Re a0 for
√
s above mh, cause unitarity to be
violated at large
√
s (but still below Λ = Λφ) as Re a0 passes through +0.5. If we increase mh to 1000 GeV, the
purely SM plus radion contributions (long green dashes) show strong unitarity violation at large
√
s in the negative
Re a0 region. However, if we include the KK gravitons (long dashes and two shorter dashes in magenta), the negative
Re a0 unitarity violation disappears and unitarity is instead violated at higher
√
s. The strong increase for larger√
s means that, for the plotted m0/mPl case, unitarity is violated for
√
s values below Λ = Λφ. If we demand that
unitarity is satisfied for all
√
s < Λ, then such an m0/mPl is ruled out. As we increase m0/mPl, there comes a point
at which unitarity violation at Re a0 = +0.5 is delayed until
√
s > Λ. However, if the Higgs mass is too large, it can
happen that the positive KK contributions in the
√
s ∼ 1 TeV region (which decrease with increasing m0/mPl) are
then insufficient to avoid unitarity violation at Re a0 = −0.5. Thus, for some choices of mh and Λ = Λφ there is no
choice of m0/mPl for which unitarity is satisfied throughout the full
√
s < Λ = Λφ range. For other choices, there is
only a window of m0/mPl values for which unitarity is violated neither at negative Re a0 for
√
s somewhat above mh
nor at positive Re a0 for
√
s < Λ. In such a case, there is both a lower and an upper bound on m0/mPl. For lighter
mh, unitarity violation will not occur at negative Re a0 regardless of the m0/mPl value, but will occur for
√
s < Λ at
Re a0 = +0.5 if m0/mPl is too small. In this case, there is only a lower bound on m0/mPl.
Thus, for mh ≤ 1000 GeV, it is the KK gravitons that can easily control whether or not unitarity is violated for√
s < Λ. To reiterate, a priori Λ should be of order Λφ or at least the slightly lower Λ̂W . A given choice for Λ will
be inconsistent if the increasing s/v2 terms lead to a violation of unitarity for energies at or below Λ. For a given
m0/mPl, the maximum Λ for which unitarity is satisfied for all energies up to and including Λ is the maximum energy
scale for which the RS model can be trusted. If we demand that the RS model is valid for all energies up to Λφ or
Λ̂W , then this will place a rather significant lower bound on m0/mPl.
It is useful to review more fully the relevant parameters. We have: Λ̂W ≃
√





3Λ̂W , where mn is the mass of the n-th graviton KK mode and the xn are the zeroes of the
Bessel function J1 (x1 ∼ 3.8, xn ∼ x1 + pi(n− 1)). To solve the hierarchy problem, Ω0mPl = e−m0b0/2mPl should be















Current Tevatron constraints and the simplest implementation of precision electroweak constraints assuming
mh <∼ 350 GeV jointly imply m1 >∼ 650 GeV for 0.01 ≤ m0/mPl ≤ 0.1 [11], which converts via Eq. (11) to
6(m0/mPl)(Λφ/1 TeV) >∼ 0.4 . If the precision electroweak constraints are deemed unreliable due to the possible
presence of other new physics, much lower values of m1 are consistent with direct constraints from the Tevatron, e.g.
m1 > 240 GeV at m0/mPl = 0.01 rising to m1 > 865 GeV at m0/mPl = 0.1. Given a value for Λφ, if m0/mPl were
known, then all the KK masses would be determined and, therefore, our predictions for aJ would be unique. However,
additional theoretical arguments are needed to setm0 independently of b0 (m0b0 ≃ 70 is required to solve the hierarchy
problem). As noted earlier, reliability of the RS model requires values for m0/mPl < 1. A stronger constraint arises
if we assume that one or more of the graviton resonances has mass below the cutoff Λφ;
3 for n = 1, 2, 3, 4, Eq. (11)
implies that m0/mPl < 0.64, 0.35, 0.24, 0.18, respectively, in order that mn ≤ Λφ. String theory estimates strongly
suggest m0/mPl ≪ 1, typically ∼ 0.01 [2].
FIG. 2: We plot Re a0,1,2(
√
s = Λ) as functions of m0/mPl for Λ = Λφ and Λ = bΛW after summing over all KK excitations
with mass below Λ: aJ(
√





s = Λ). The solid (magenta) line at 0.5 is the unitarity bound.
Let us study the purely KK graviton contributions further. Summing over all KK excitations with mn < Λ, keeping
only KK graviton exchange contributions (we use exact, i.e. non-asymptotic, forms) to a0,1,2, we obtain the results for
the real parts of these partial wave amplitudes at
√
s = Λ shown in Fig. 2 for the two cases of Λ = Λφ and Λ = Λ̂W .
(We note that the partial wave amplitudes always take their largest values at the largest s values when only KK
gravitons are considered.) When m0/mPl is small, Eq. (11) implies that one is summing over a very large number of
KK excitations. As m0/mPl increases, the number summed over slowly decreases. If only gravitational contributions
to a0 are kept, one finds a requirement of m0/mPl >∼ 0.055 for Λ = Λφ and of m0/mPl >∼ 0.014 for Λ = Λ̂W in order
that unitarity be obeyed at
√
s = Λ (and below).
Of course, as we have already seen, the Higgs plus vector boson exchange contributions can modify these results
significantly (whereas the radion exchange contributions are typically quite small in comparison). Below we consider
further cases of what happens as a function of mh at fixed mφ = 500 GeV. (Because of the smallness of the γ
2
multiplying m2φ in the expression for m
2
scal, there is little change of our results as a function of mφ in the range
mφ ∈ [10, 1000] GeV so long as Λφ is above 1 TeV.) To illustrate, we again consider Λ = Λφ = 5 TeV and
mh = 870 GeV. Fig. 3 shows the behavior of the real parts of the a0,1,2 partial waves as a function of
√
s. One
observes the (very narrow) radion and (very broad) Higgs resonance in Re a0, followed by a strong rise (depending
on m0/mPl) due to KK graviton exchanges. (For J = 1 and 2 there is no resonance structure associated with the
Higgs or radion since scalars do not contribute to a1,2 in the s-channel.) As we have already noted, in the vicinity of
the the possible unitarity violation at negative a0 from the SM plus radion contributions, the KK graviton exchanges
give a possibly very relevant (largest for the smallest m0/mPl values) positive contribution to Re a0.
In order to actually see the graviton excitations in a2 requires a much finer scale for the plot, see Fig. 4. The small
KK resonance structures are apparent. As seen from the figure, the resonant graviton (spin 2) behavior is present
3 This is a conservative constraint as the formal requirement reads: mn < Λ ≤ Λφ.
7FIG. 3: We plot Re a0,1,2(s) for mh = 870 GeV, mφ = 500 GeV and Λ = Λφ = 5 TeV as functions of
√
s for the m0/mPl
values indicated on the plot. Curves of a given type become higher as one moves to lower m0/mPl values. We have included
all KK resonances with mn < Λ (at all
√
s values).
only for a2: no KK resonances appear in a1
4. The a2 resonance peaks are suppressed by the partial WW width to
total width ratio. We have not attempted to determine if the resonances could actually be seen in WLWL →WLWL
scattering at the LHC or a future ILC. However, it is important to note that other authors [10] have shown that the
resonance masses, cross sections and possibly widths can be measured in Drell-Yan production for instance at the
LHC and in many different modes at a future ILC.
FIG. 4: We plot Re a1,2(s) for mh = 870 GeV, mφ = 500 GeV and Λ = Λφ = 5 TeV as functions of
√
s for the m0/mPl values
indicated on the plot. These are the same curves as the corresponding ones in Fig. 3, but plotted on an expanded scale so as
to reveal the KK graviton resonances.
4 There is also no graviton-resonance contributions to a0. This fact serves as a non-trivial test of the calculation, since massive on-shell
gravitons do not contain J = 0 component, see e.g. [12].
8FIG. 5: We display various limits (both upper and lower) on m0/mPl as a function of mh obtained by requiring that a0 (which
yields the strongest constraints) obeys |Re a0| ≤ 1/2 at all values of √s ≤ Λ. We have taken mφ = 500 GeV and give limits
for selected values of Λ = Λφ ranging from 1 TeV to 100 TeV. For Λφ = 1 TeV there is no upper limit within the range of the
plot. For Λφ = 1.5 TeV and 2 TeV, both lower and upper limit curves are present; the latter are below the maximum m0/mPl
value of the plot only for part of the mh range. When both limits are plotted, the allowed range is that between the upper
and lower curves. Where the upper curves disappear at the top of the plot, any m0/mPl value above the lower limit curve is
allowed. For Λφ = 5, 10 and 100 TeV, the lower limit curves terminate in the vicinity of mh = 875 − 900 GeV. Upper limit
curves join steeply to the lower limit curves. For any value of mh above the appropriate termination point, there is no value
of m0/mPl for which unitarity is obeyed for the choice of Λ = Λφ. Also shown are: (a) the mh-independent Tevatron lower
limits of Ref. [13] that are available for Λφ = 5, 10 and 100 TeV (usually plotted as limits on m0/mPl as a function of m1) —
these limits are, of course, independent of mh; (b) the old bounds from Ref. [10] based on precision measurements of the S and
T parameters — these only apply for light Higgs masses in the vicinity of mh <∼ 350 GeV. Precision bounds are not available
at higher mh, but presumably would be more restrictive than those at low mh. The precision data lower limits on m0/mPl
increase with decreasing Λφ.
With this background, we now turn to the overall limits on m0/mPl as a function of mh. These depend on the
maximum
√
s value, which we are calling Λ, for which one believes the theory should be valid for a given choice of
Λφ. Fig. 5 shows the limits if Λ = Λφ is employed. In this figure, one finds not only lower limits on m0/mPl but
also some upper limits for certain ranges of mh for some of the Λφ values shown. Both the upper and the lower
limits are found by requiring that WLWL → WLWL scattering be unitary for all
√
s values from 2mW up to Λ. At
low mh, unitarity is first violated with increasing m0/mPl at
√
s = Λ. However, for larger mh values, this need not
be the case. As we have discussed earlier in association with Fig. 1, if mh is large enough that unitarity would be
violated at Re a0 = −0.5 in the SM and, due to the larger m0/mPl value, the KK contributions do not give sufficient
positive contribution for
√
s in the region above mh to move Re a0 above −0.5, then unitarity will be violated for√
s somewhat above mh. This implies an upper bound on m0/mPl in addition to the lower bound needed to avoid
unitarity violation at Re a0 = +0.5 at some
√
s < Λ. Such upper bounds are clearest for Λφ = 1.5 and 2 TeV, but
also appear in the plotted range of m0/mPl over a very narrow mh range for Λφ = 5, 10 and 100 TeV. Note that the
Λφ = 5, 10 and 100 TeV curves terminate for mh values above 950, 918 and 882 GeV, respectively — for mh above
these values, there is no value of m0/mPl for which unitarity can be satisfied for all values of
√
s below Λ = Λφ.
In this same figure, we have also indicated limits that derive from Tevatron direct searches for the first KK graviton
and from precision electroweak constraints. The Tevatron exclusion plots [11, 13] show the lowest value allowed for
m1 as a function of m0/mPl for 0.01 ≤ m0/mPl ≤ 0.1. Converting from m1 to m0/mPl at a given Λφ, we obtain
lower limits on m0/mPl that can be placed on our plot for Λφ = 5, 10, and 100 TeV. (For the lower values of Λφ,
the relevant m0/mPl values are quite large and fall outside the above range for which Tevatron exclusion plots have
been given.) The lower limits are shown by the fancy symbols appearing on the left axis. In the case of Λφ = 5 TeV,
the Tevatron direct search lower limit on m0/mPl is larger than the unitarity lower limit. However, for Λφ = 10 and
100 TeV the unitarity lower limit provides the larger lower bound. Turning to the precision electroweak constraints,
we first note that these are only available in the literature [10] for lighter mh values, roughly below 350 GeV. These
limits on m0/mPl are shown as horizontal lines for the various Λφ values considered. For Λφ values below 5 TeV and
9mh <∼ 350 GeV, the precision EW constraint on m0/mPl is stronger than the unitarity constraint. Precision EW
constraints for larger mh values are not available in the literature. Note that for mh <∼ 350 GeV the lower limit on
m0/mPl is not sensitive to the cutoff Λ. This behavior is easy to understand as follows. The crucial point is that for
low mh the partial wave a0 is dominated by the graviton contributions and the unitarity limit is first violated (with
increasing m0/mPl) for
√
s = Λ; since a0 is dimensionless, it follows that the explicit dependence on Λ cancels out.
FIG. 6: We display the lower limit on m0/mPl as a function of the maximum
√
s value (Λ), relative to Λφ, for which unitarity
is required to hold in the case of fixed mh = 870 GeV. The same set of Λφ values is considered as in Fig. 5 and we retain
mφ = 500 GeV. Also shown is the curve that applies for all Λφ values in the case of fixed mh = 120 GeV.
As already noted, the m0/mPl limit from unitarity depends on the maximum
√
s value, which we denote by Λ,
considered in the scan for unitarity violation. Fig. 6 shows the dependence on Λ of the m0/mPl lower limit in the case
ofmh = 870 GeV for our usual selection of Λφ values. The lower limits given at Λ/Λφ = 1 of course coincide with those
of Fig. 5. Also shown is the (universal) lower limit on m0/mPl for the case of mh = 120 GeV. The Λ-independence
observed here for mh = 120 GeV corresponds to the coincidence of the curves in Fig. 5 for mh <∼ 350 GeV which was
explained earlier. In all cases, we see that the lower limit declines rapidly with decreasing Λ/Λφ. There are a variety
of opinions as to how high in
√
s the RS model should be valid for a given Λφ. However, in any case Fig. 6 could be
used to determine the lower limit on m0/mPl which corresponds to any particular choice of Λ at a given value of Λφ.
The trend is apparent: the lower the Λ/Λφ ratio, the broader the window of allowed m0/mPl values.
If the RS model is nature’s choice, then the LHC and/or ILC can potentially discover one or more graviton KK
states. Their masses, cross sections and widths will provide a lot of information, and, as we shall discuss below, can
strongly constrain the model. In particular, we wish to determine m1 and its coupling to SM particles, which, see
Eq. (3), is proportional to 1/Λ̂W =
√
3/Λφ. If m1 and Λφ are known, then Eq. (11) can be used to determine m0/mPl.








In the above, Σ counts the number of SM states to which n-th KK state can decay. For mn ≫ 2mZ , 2mt, Σ = 97/4
with a possible additional contribution of order 1/3 coming from decays to Higgs and radion states when accessible.
Given a measurement of the width and mass of any one KK graviton, the value of Λφ can be immediately extracted.
This is illustrated [after including phase space and non-asymptotic terms in Eq. (12)] in Fig. 7 for a selection of
possible graviton masses in the range potentially observable at the LHC and/or ILC. The curves in Fig. 7 are
terminated for Λφ values below the presumed graviton mass. The requirement mn < Λφ translates via Eq. (12)
to Γn/mn < 6ρ ∼ 0.29. More generally, if we denote by nmax the n value of the most massive resonance with
mn < Λφ, then Γ1/m1 < 0.29, 0.086, 0.041, 0.024 for nmax = 1, 2, 3, 4, respectively, with corresponding results for
other resonances with n < nmax. Note that if the observed graviton is light, mG <∼ 200 GeV, or Λφ is large, the
graviton width(s) are very small compared to expected resolutions and cannot be used to extract Λφ — only a lower
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FIG. 7: We plot the KK graviton width as a function of Λφ for various values of the graviton mass. This plot applies
independently of the level n of the excitation. In the plot, lines for a given m are terminated for Λφ < m.


















Note that to apply this formula, we must know which excitation level n the KK resonance corresponds to. If the
n = 1 excitation is light (unlikely given precision electroweak constraints) or Λφ is large, the width is small and will
be spread out by resolution and therefore not easily determined.
If measuring the width proves problematical, we should consider whether the cross section for graviton production
is a useful input. Consider first e+e− → Gn → µ+µ−. It is easy to demonstrate that the peak cross section at
s = m2n depends only on mn and not separately on Λφ. Only if one can measure the shape of the cross section in the
vicinity of the peak can one obtain the width and thereby determine Λφ. However, as discussed above and shown in
Fig. 7, for a large section of parameter space where Λφ is moderate in size and m0/mPl is in the preferred range of
few × 0.01, the graviton width will be much less than a GeV and a) a very fine scan will be needed to even find the
graviton and b) sufficiently fine scan steps may not be possible to actually map out the shape of the excitation. It is
easier to extract Λφ at fixed mn from the hadron collider cross section in some given final state, which cross section
is proportional to 1/Λ2φ at fixed mn. Useful plots for n = 1 appear in [14] (see their Figs. 1, 6–8 and 10–11). For
m0/mPl = 0.01 (0.05), the γγ final state provides a highly accurate determination of m1 and 20% accuracy or better
for σ(pp → G1)BR(G1 → γγ) for mG < 1500 GeV (< 3000 GeV). Thus, for a wide range of parameters we will be
able to determine both Λφ and m0/mPl with reasonable accuracy once LHC data is available.
Assuming a determination of Λφ and m0/mPl, our results can then be used to determine the maximum value of
√
s
(Λ) for which the theory obeys partial wave unitarity. To illustrate, we have fixed mh = 120 GeV and mφ = 500 GeV
and considered a number of possible masses for m1 that would lie within reach of the Tevatron and ILC and a range
of Λφ values from 1 TeV up to 21 TeV. Fig. 8 shows the largest
√
s value, Λ, relative to Λφ for which the RS model
would remain unitary. For higher Λφ values, Λ/Λφ is smaller than 1, indicating that the RS theory fails for an energy
below the natural cutoff scale of the theory. One can turn this around and ask what is the maximum value of Λφ
for which unitarity is obeyed for all
√
s < Λφ. Of course, this depends upon the choice of m1 and the choice of mh
(and very weakly on mφ). Since both mh and m1 will be measured at the LHC/ILC, it is appropriate to plot this
maximum Λφ, denoted Λ
max
φ , as a function of the measured value of m1 for a selection of possible measured values
of mh. This plot appears in Fig. 9. Also shown as numbers next to the three mh curves are the m0/mPl values at
m1 = 100, 500 and 1500 GeV that correspond to the Λ
max
φ value at these respective m1 values. Except for large m1
and large mh, these are small enough (<∼ 0.1) for the RS model to be an trustworthy effective theory.
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FIG. 8: We fix mh = 120 GeV and mφ = 500 GeV and plot as a function of Λφ the largest
√
s value, Λ, relative to Λφ for
which the RS model would remain unitary. The curves are given for various possible experimentally observed 1st KK excitation
masses, m1, as indicated by the numbers to the left of the end of each curve. The horizontal dashed line indicates the Λ/Λφ = 1
level.
FIG. 9: We plot as a function of m1 the maximum Λφ values, for which unitarity is satisfied for all
√
s < Λφ for mh = 120, 870
and 1000 GeV. For example, the points on the mh = 120 curve correspond to where the different m1 curves of Fig. 8 cross
the Λ/Λφ = 1 horizontal line. The numbers along a given mh curve are the m0/mPl values at m1 = 100, 500 and 1500 GeV
corresponding to the value of Λmaxφ at these respective m1 values.
III. SUMMARY AND CONCLUSIONS
We have discussed perturbative unitarity for W+LW
−
L → W+LW−L within the Randall-Sundrum theory with two
3-branes and shown that the exchange of massive 4D Kaluza-Klein gravitons leads to amplitudes growing linearly
with the CM energy squared. We have found that the gravitational contributions can cause a violation of unitarity
for
√
s below the natural cutoff of the theory, Λφ, if the curvature, m0, of the RS background metric is too small. On
the other hand, m0, must be small enough relative to the 5D Planck mass, MPl 5 in order for the warped, classical
solution of the Einstein’s equations to be trusted. Consequently, there is only a small range of m0/mPl for which the
12
model is fully consistent and reliable. The width of the window is determined primarily by Λφ and the Higgs boson
mass, and is only weakly dependent on the radion mass.
Still stronger constraints from unitarity per se can be obtained if one considers the full set of coupled channels
(WW , ZZ, hh, . . . ). We have chosen to adopt a somewhat conservative approach by focusing on WLWL → WLWL,
which is the most experimentally observable of the channels that will display unitarity violation at large energies.
In discussing unitarity issues for WLWL → WLWL, we should note that it is not necessary to consider the effects
of the scalar field(s) that are responsible for stabilizing the inter-brane separation at the classical level. While these
fields too will have scalar excitations, the fields are normally chosen to be singlets under the SM gauge groups (sample
models include those of Refs. [15, 16], and will thus have no direct couplings to the WLWL channel. Their effects
through mixing with the Higgs and radion can be neglected.
As we have shown, the constraints from unitarity that we have obtained can have important experimental implica-
tions. In particular, both Λφ and m0/mPl can be extracted from experiment, especially LHC observations of the first
KK excitation. If the Higgs mass has also been measured, then it can be determined from the results of this paper
whether or not the RS model for the particular mh, Λφ and m0/mPl values can be consistent with unitarity for all√
s below the natural cutoff Λφ of the theory. If not, this would call into question the possibility of the observed KK
excitation being that of the RS type model. If masses are determined for several KK excitations and found to be
consistent with the RS model Bessel-function-zero spectrum, then one will be forced to conclude that the RS model
while valid at low
√
s is not consistent all the way up to the Λφ cutoff — additional new physics will have to enter at
a
√
s value below Λφ (see Figs. 8 and 9).
As a final remark, we note that it would be interesting to analyze unitarity constraints from KK graviton exchanges
in other theories with extra dimensions, such as the many models with flat extra dimensions. We expect that the
inclusion of the KK graviton modes would increase the constraints from unitarity that are already known to arise
from other types of KK excitations. For example, in universal extra dimension models it is known that the KK gauge
boson excitations can cause unitarity violation if too many are included [17]. Inclusion of the KK graviton excitations
could modify the situation.
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